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Abstract. Let / be a nonconstant meromorphic function in the plane and h be 
a nonconstant elliptic function. We show that if all zeros of / are multiple except 
finitely many and T{r,h) ~ o{T{r, f)} as r — )■ oo, then f — h has infinitely many 
solutions (including poles). 



1. Introduction 

Recall that an elliptic function [I] is a meromorphic function h defined on C for 
which there exist two non-zero complex numbers Ui and UJ2 with UJ1/U2 not real such 
that h{z + oji) = h{z + U2) = h{z) for all z on C. 

We use the following notation. For Zq ^ C and r > 0, A{zQ,r) = {z : \z — Zo\ < r}, 
A'{zo,r) = {z : < \z - Zo\ < r}, A = A(0,1), A(0, r) = {z : \z\ < r}, and 
r(0,r) = {z : \z\ = r}. For / meromorphic in a domain D, we denote 

S{D, f) = l [f [f*{z)]'dxdy, S{r, /) = ^(A(0, r), /). 

Here 



D 



denotes the spherical derivative. We use the Ahlfors-Shimizu form of the Nevanlinna 
characteristic function, given by 



^0 t 

Let n{r, f) denote the number of poles of f{z) in A(0,r) (counting multiplicity). We 
write fn f in D to indicate that the sequence {/„} converges to / in the spherical 
metric uniformly on compact subsets of D and ^ / in D if the convergence is in 
the Euclidean metric. 

In 1959, Hayman [7] proved the following seminal result, which has come to be known 
as Hayman's Alternative. 

Theorem A. Let f be a transcendental meromorphic function on the complex plane 
C. Then either 

{i) f assumes each value a G C infinitely often, or 
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(ii) f^^^ assumes each value b E C\{0} infinitely often for k = 1, 2, . . .. 

Obviously, if / is a transcendental meromorphic function such that / 7^ for all 
z E C, then f^^'^ assumes each value b E C\{0} infinitely often for = 1,2, . . .. In 
recent years, it has become clear that, in many instances, the condition / 7^ can be 
replaced by the assumption that all zeros of / have sufficiently high multiplicity. This 
announcement concerns such extension of Theorem |X1 We restrict our attention to the 
case k = 1. 

Before stating our result, let us present several theorems that show results already 
obtained in this subject. 

Theorem B. [231 Theorem 3] Let f be a transcendental meromorphic function on C, 
all of whose zeros have multiplicity at least 3. Then f assumes each nonzero complex 
value infinitely often. 

The analogue of Theorem [B] with 3 replaced by 2 does hold for functions of finite 
order. 

Theorem C. [231 Lemma 6] Let f be a transcendental meromorphic function of finite 
order on C, all of whose zeros are multiple. Then f assumes every finite non-zero 
value infinitely often. 

This is an instant corollary of Theorem \K\ and the following important result. 

Theorem D. [21 Theorem 3] Let f be a transcendental meromorphic function of finite 
order on C with an infinite number of multiple zeros. Then f assumes every finite 
non-zero value infinitely often. 

Indeed, if in Theorem [Cl / vanishes only finitely often, then /' must take on every 
nonzero value infinitely often by Theorem 13 Otherwise, Theorem iDl implies the same 
conclusion. 

Bergweiler and Eremenko gave a counter example in [3] which shows Theorem [D] is 
not true in general for functions of infinite order. 

In 2006, Shahar Nevo, Xuecheng Pang and Lawrence Zalcman gave the following 
extension of Theorem |B] and Theorem O 

Theorem E. [1^1 Theorem 1] Let f be a transcendental meromorphic function on C, 
all but finitely many of whose zeros are multiple, and let R^Q be a rational function. 
Then f' — R has infinitely many zeros. 

In this paper, we continue to study the value distribution of the derivative of mero- 
morphic functions with multiple zeros. We have the following theorem. 

Theorem 1. Let f be a nonconstant meromorphic function on C and h be a non- 
constant elliptic function. Then if all zeros of f are multiple except finitely many and 
To(r, h) = o{To(r, /)} as r — )■ 00, then f' = h has infinitely many solutions (including 
the possibility of infinitely many common poles of f and h). 

Remark. T{r, f) denotes the usual Nevanlinna characteristic function. Since T(r, /) — 
To(r, /) is bounded as a function of r, one can replace To(r, /) with T(r, /) in TheoremlH 
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2. Preliminary results 

Lemma 2.1. [21] Theorem 1]|22[ Theorem VI. 21] Let f be a meromorphic function in 

A, and let 01,0^,03 be 3 distinct complex numbres. Assume that the number of zeros 
3 

of n(/(-^) ~ ^i) in A is < n, where multiple zeros are counted only once, then 

i=l 

S{rJ)<n + , 0<r<l, 

1 — r 

and A > is a constant, which depends on 01,02,03 only. 

Lemma 2.2. If h{z) is a nonconstant elliptic function with primitive periods Ui, U2, 
where Ui/u2 not real, then 

To(r, /i) = ylr^(l + 0(1)) as r — )• 00, 

where A > is a constant. 

This follows from [2^ Corollary 2]. 

Lemma 2.3. ^201 Theorem 3][TT1 Theorem 1] Let ^ be a meromorphic function in 
a domain D G C and G N. Let be a family of meromorphic functions in D, such 
that f and f^^'^ — if) have no zeros and f and have no common poles for each f E J-'. 
Then T is normal on D. 

Lemma 2.4. Let f be a nonconstant meromorphic function of finite order on C, all 
of whose zeros are multiple. If f'{z) 7^ 1 on C, then 

M = ^ 

z — 

for some a and a) on C 

This follows from Lemma 6 (with j = 1 and k = 2) and Lemma 8 (with = 1) of 
[23]. 

Lemma 2.5. [T5l Lemma 2] Let J-' be a family of functions meromorphic in a domain 
D, all of whose zeros have multiplicity at least k, and suppose that there exists A>1 
such that \f^^\z)\ < A whenever f{z) = 0. Then if J-' is not normal at Zq, there exist, 
for each < a < fc, 
(o) points Zn, Zn Zq; 
(6) functions fn € J^; and 
(c) positive numbers p„ — i- 

such that Pn°'fn{zn + PnCj = 9n{0 =^ 5'(C) on C, where g is a nonconstant mero- 
morphic function on C, all of whose zeros have multiplicity at least k, such that 
g*{()<g*{0) = kA + l. 

Lemma 2.6. [TB] Lemma 3.1] Let {fn} be a family of functions meromorphic in 
A{zQ,r), all of whose zeros and poles are multiple; and let {6„} be a sequence of 
holomorphic functions in A{zo,r) such that bn ^ b in A{zo,r), where b{z) 7^ 0, 
z G A{zo,r). If fl^{z) 7^ bn{z) for z G A{zQ,r), then {fn} is normal in A{zo,r). 
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Lemma 2.7. [T7t Lemma 3.1] Let {/«} be a sequence of meromorphic functions in 
A{zo, r) and {ipn} a sequence of holomorphic functions in A{zo, r) such that ipn =^ ip, 
where ip{z) ^ in A{zq, r). If for each n, fn{z) ^ and fn{z) ^ ipniz) for z G A(zo, r), 
then {/„} is normal in A{zo,r). 

Lemma 2.8. [T71 Lemma 3.2] Let E be a (countable) discrete set in A{zQ,r) which has 
no accumulation points in A{zo, r) and let {ipn\ be a sequence of holomorphic functions 
in A{zQ,r) such that ipn ^ ip in A{zQ^r), where 7^ 0, oo in A{zQ^r). Let {/„} be a 
sequence of functions meromorphic in A{zQ,r), all of whose zeros are multiple, such 
that fn{z) 7^ ipn{z) for all n and all z G A{zo,r). Let ai & E and suppose that 

(a) for some ai G E, no subsequence of {/„} is normal at Oi; 

(6) there exists 5 > such that each fn has a single (multiple) zero in A(ai, 5); and 

(c) fn{z)^f{z) znA{zo,r)\E. 

Then 

(d) there exists tjq > such that for each < ri < r]Q, fn has a single simple pole in 
A{ai,ri) for sufficiently large n; and 

Lemma 2.9. [171 Lemma 3.7] Let {fn} be a sequence of functions meromorphic on 
A{zQ^r), all of whose zeros are multiple, and let ip be a non-vanishing holomorphic 
function in A{zo,r). Suppose that 

{(^) {fn} is quasinormal in A{zo,r); 

(b) f'ni.^) ^ i^iz) for z G A(zo, r) and n = 1, 2, 3, ■ • • ; 

(c) no subsequence of {fn{z)} is normal at 0. 

Then there exists < 6 < r such that fn has only a single (multiple) zero in A{0,6) 
for sufficiently large n. 

Lemma 2.10. Let {fn} be a family of meromorphic functions on the plane domain D, 
all whose zeros are multiple. If there exists a holomorphic function ip univalent in D 
such that fn{z) 7^ f'{z) for each n G N and z & D, Then {fn} is quasinormal of order 
1 in D. 

This follows from Theorem 1 (with k = 1 and J-" = {/„}) of [Hj. 

Lemma 2.11. ^ Lemma 12] Let R be a nonconstant rational function satisfying 
R' ^ on C. Then R{z) = az + b or R{z) = jj^^ + b, where n G N and a 7^ 0, 6, c G C. 

3. Auxiliary lemmas 

Lemma 3.1. Let k > 2 be an integer and let R be a rational function on C. Suppose 
that R'{z) ^ 4- Then R is a constant function. 

Proof. Since R'{z) 7^ we have -R(O) 7^ 00 and hence 



DERIVATIVES OF MEROMORPHIC FUNCTIONS 5 

By Lemma EZH either R{z) = az + b + j^j^, or R{z) = + b+j^JrT. If 

R{z) = az + b + YZThZ/hi, then we have -R(O) = oo. A contradiction. Thus, R{z) = 
jjfcy^ + b + jz^jE^- Since -R(O) 7^ 00, we have that c = 0, n = k — 1, a = and 
R{z) = b. □ 

Lemma 3.2. Let k be a positive integer and let R be a rational function satisfying 
R'{z) 7^ on C. // all zeros of R are multiple, then 

n+k+l 

n {z-ai) 

(3.1) R{z) 



(A; + 1) (2 -/?)-' 

where n is a nonnegative integer /3 G C and ai{^ 0, /3), for 1 < i < n + k + 1 and every 
zero ai is counted due to multiplicity. 



Proof Obviously, {R{z) - 7^ and since all the zeros of R are multiple, then 

fc+1 1^^— 1 fc + 1 

R{z) ~ T+T ^ nonconstant rational function. By Lemma [2. IH R{z) = + az + b 

fc + 1 

or R{z) = + j^f^ + b, where n eN and a 7^ 0, 6, c G C. Let us consider separately 
these two cases. 

fc + 1 

Case 1: R{z) = + az + b. 

Let zq be a zero of R{z), then R{zq) = and hence R'{zq) = 0, i.e., 

(3.2) R{zo) = + azo + b = 0, 

R\zo) = 4 + a = 0. 

It follows that Zq = — ^^^^ and hence 

(3.3) + + 



+ 1 \ ak 

Comparing the coefficients of (13. 2p and (13.31) . we have k = 1 and hence R{z) = , 
where a = — ^. Now R{z) have the form of (13. ip with ai = a2 = a, k = 1 and n = 0. 
Case 2: rU = ^^z>^^' + + 

Let {ai,a2, ■ ■ ■ ,an+k+i} be the set of the zeros of R{z) and (3 = — c. Obviously, 
R{z) have the form of (13. ip . 

Since R'{z) 7^ z'', R'{0) 7^ 0, and since all zeros of R are multiple, -R(O) 7^ 0. Hence 
7^ for 1 < i < 72 + A; + 1. □ 

Lemma 3.3. Let {fn{z)} be a family of meromorphic functions in A, all of whose 
zeros are multiple. Let Fn{z) = z'^ fn{z), where k ^ Q is an integer. Let {bn{z)} be a 
sequence of holomorphic functions in A such that bn{z) =^ b{z) in A, where b{z) ^ is 
a holomorphic function in A. Suppose that for each n, /^(z) 7^ z^^bn{z) and {fn{z)} 
is not normal at and normal in A'. Then {Fn{z)} is normal in A' but not normal 
at 0. 
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Proof. It is obvious that {Fn{z)} is normal in A'. Suppose that {Fn{z)} is normal at 



Case 1: k is a positive integer. 

Since fn{z) ^ z~'^bn{z) and bn{z) =^ b{z) on A, and 6(0) 7^ we have, for sufficiently 
large n, /^(O) 7^ 00 and /n(0) 7^ 00. Obviously, we have F„(0) = 0. Without loss of 
generality, we can suppose that for all n, /„(0) 7^ 00 and -F„(0) = 0. Since {Fn{z)} 
is normal at and -F„(0) = 0, there exists 6 > such that for all n, \Fn{z)\ < 1 in 
A(0, 6). Thus /n(0) 7^ cxD in A'(0, 6), and hence is holomorphic in A(0, 6). Now, we 
have 



By the maximum principle, this holds throughout A(0,(5). It follows that {/„} is 
normal. A contradiction. 

Case 2: k is a negative integer. 

Let m = —k. Since f^iz) 7^ z^bn{z) and bn{z) b{z) in A, we have, for sufficiently 
large n, /'j(O) 7^ and hence /„(0) 7^ 0. Obviously, we have F„(0) = 00. Without loss 
of generality, we can suppose that for all n, /n(0) 7^ and -F„(0) = 00. Since {Fn{z)} 
is normal at and F„(0) = 00, there exists S > such that for all n, \Fn{z)\ > 1 on 
A(0,5). Thus fn{z) 7^ in A'(0,5), and hence is holomorphic in A(0,5). Now, we 
have 



1 




1 1 






Fn{z) Z"^ 



By the maximum principle, this holds throughout A(0,5). It follows that {/„} is 
normal. A contradiction. □ 

Lemma 3.4. Let {/„} and {ipn} be two sequences of functions meromorphic on the 
plane domain D. Let f{z) and ip{z) be two meromorphic functions in D. Suppose 
that 

(a) fn{z) =^ f{z) in D and i^niz) ^ il^{z) in D; 



Then, either f'{z) = ip{z) in D, or f'{z) ^ ip{z) in D. 

Proof. Suppose that there exists zq E D such that f'{zo) — '^{zq). 
Let us separate into two cases. 
Case 1: iP{zq) 7^ 00. 

There exists r > such that fjipjfnjipn are analytic in A{zo,r) for large enough 
n. We have that — =^ /' — in A(zo,r), and by condition (b) and Hurwitz's 
Theorem /' — ^0 = in A{zo,r) and so in all of D. In this case, the first possibility 
occurs. 

Case 2: ijjizo) = 00. 

Suppose by negation that f — ip is not constantly zero. Thus, for small enough r, 
is analytic in A'{zo,r), and since jt^^ are analytic in D and ^, =^ in 



A'{zo,r), we get by the maximum principle that < „ \ > is a uniformly convergent 



0. 




(6) f^{z) + i^^{z) m D. 
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Cauchy sequence of analytic functions in A{zQ,r) which thus converges (uniformly) 
to an analytic function there. Thus is extended analytically to A{zo,r). Let 
mi,m2 > 1 be the orders of the pole of / and -0 at zq, respectively. A pole of f — ip at 
Zq, if it exists, is of order at most max{mi + l, 777.2}. This is also the maximal multiplicity 
of zero of at zq. (Observe that it is possible that f'{zo) — ip{zo) is a finite value, 

but this value cannot be since is analytic at Zq). Now, for every < 5 < r, /„ 
has, for large enough 77, mi poles (counting multiphcities) in A{zo,6), and ipn has 7^2 
poles in A{zq, 6) (counting multiplicities). Since /„ and ipn have no common poles, then 
r, ^ , has at least mi + 1712 + 1 zeros in A(zo, 6). But mi + 7/7,2 + 1 > maxlTn + 1, m2| 

Jn~V'rL 

and this is a contradiction. Thus f — ip = 0. So also in the case of a common pole, we 
have that f = ip in D and the lemma is proved. □ 

Lemma 3.5. Let {/„} be a family of meromorphic functions in A, all of whose zeros 
are multiple. Let be a sequence of holomorphic functions in A such that 6„ ^ 1 
in A, and let k be a positive integer. Suppose that 

(a) /;(^) ^ z'^b^iz) m A; 

(6) there exists points 2„ — )■ such that fn{zn) = 0; 

(c) fn{z) =^ f{z) in A' , where f{z) is a meromorphic function in A'. 

Then f{z) = ^''^^^^^ in A' , where c is a constant. 

Proof. Let Fn{z) = Since 6„ ^ 1 in A and (a), we have for sufficiently large 77, 

/n(0) 7^ 3.nd hence F„(0) = 00. Without loss of generality, we may assume that for 
all 77, /^(O) 7^ and F„(0) = 00. Since all zeros of {fn{z)} are multiple, /n(0) 7^ 0. 
Hence we have Zn 7^ and Fn{zn) = 0. 

We claim that {F„(z)} is not normal at and hence is also not normal at 

0. Indeed, since Fn{zn) = and F„(0) = 00, the family {F„(^)} is not equicontinuous 
at and hence cannot be normal at 0. 

By (a) and (c), we have 

m4t\-i^^-1' ^eA'-{ri(oo)}. 

z''bn[Z) Z^ 

By Hurwitz's Theorem, either — 1 = in A', or — 1 7^ in A'. Suppose that 

— 1 7^ in A'. Since f{z) is a meromorphic function, then there exists 5 > such 
that f{z) has no poles on r(0,(5) and f'n{z) converges uniformly to /'(C) on r(0,5). 
Now, we have 

Z^bn{z) Z^ 

As in the proof of Lemma [3.41 since the function in the left hand side is holomorphic, 
we have by the maximum principle that this holds throughout A(0, 5). So { Sb^%) ~ ^J" 

is normal at 0. A contradiction. Thus, ^-jr- — 1 = in A'. Then f{z) = ^''j^^^'^ in A', 
where c is a constant. □ 
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Lemma 3.6. Let {/«} be a sequence of functions meromorphic in A{zo,r). Suppose 
there exists Mi > such that for each n, n{r, j-) < Mi. Suppose that fn =^ / in 
A'{zo,r), where f is a nonconstant meromorphic function or f = oo in A'{zo,r). Then 
there exists M2 > such that, for sufficiently large n, 

5(^,/„)<M2. 

Proof. Without loss of generality, we assume that r = 1 and so A(zo, "r) = A. Obviously, 
— 1 =^ 7 — 1 in A' and 7 — 1 ^ 0, cxd in A'. Then there exists \ < r < \ such that 
J — 1 has no poles and zeros in r(0, r). Obviously, for sufficiently large n, 

1 

— n I r, 



(i— 1)' 

Set M3 = 2^ Jp|.g dz + n(r, j-) + 1. For sufficiently large n, 

1 1 \ . / 1 \ / 1\ ( (^-1)' 

r(o,r) 7 




1 f a-iy 



^" ' dz-^ — I ^ -dz. 



'r(0,r) ~ ^ ^■'^^ J^{0,r) 7 ~ -'- 



< Ml + / 4 '^^ = M3 - 1 < M3. 

ir(o,r) 7 ~ 1 

(Here e„ — )■ 0, but since the other terms are integers, then e„ = for large enough n.) 

Obviously, ■} — ^ =^ 7 — ^ in A' and 7 — ^ ^ 0, 00 in A'. Then there exists 
\ < t < 1 such that J — \ has no poles and zeros in r(0,)f:). Clearly, for sufficiently 
large n. 




{- - -)' 

1 1 
r(o,i) 7-2 



dz. 



Set M4 = 2^ Jp^Q dz + n(t, j-) + 1. Similarly to the previous paragraph, we 



have, for sufficiently large n 



Let M2 = Ml + M3 + M4 + 2 A. By Lemma O, for sufficiently large n, 
S{\^ fn) < n{\, j) + -i-^) + + < M,. 



□ 
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Lemma 3.7. Let ^(-z) be a holomorphic univalent function on A(0,i?) and {^„(2;)} 
be a sequence of holomorphic functions in A(0, R) such that =^ ^(-2) in A(0, R). 

Then for each r G {0,R), we have, for sufficiently large n, 

(a) '^n{z) is a holomorphic univalent function in A(0,r); 

(b) there exists Si > such that A(^(0),5i) C ^(A(0,r)) and A(^(0),(5i) C 
*n(A(0,r)); 

(c) t/iere craste ^2 > suc/i that *(A(0,(52)) C A(*(0),5i) anc? *„(A(0,52)) C 
A(*(0),(5i). 

Proof. Let r < ri < R. Suppose that there exists a subsequence of {^^(z)} (that we 
continue to call {^„(2;)}) which is not univalent in A(0,r). Then there exist distinct 
complex numbers Zn^i and Zn^2 in A(0,r) such that ^I/n(-2n,i) = '^n{zn,2)- Obviously, 
^(^1' ^ (z)-^ (z 1) ^ — ^' Without loss of generality, we may suppose that Zn,i — >■ Zi 
and Zn,2 — >■ 2:2 as n — >■ 00. Obviously \zi\ < r, |2;2| < r. Since ^n(-2) =^ ^(-2) in ^(0, -R), 
we have 

= lim = lim *„(^„,2) = *(-Z2)- 

n— >-oo n— ^-oo 

Hence we have 2:1 = Z2. 

Obviously, ^„(z) - ^„(2;„,i) ^{z) - ^(zi) in A(0,i?) and ^(2;) - 7^ on 

r(0,ri). By the argument principle, for sufficiently large n, 

A contradiction occurs and hence (a) holds. 

Obviously, there exists di such that A(^'(0), 26i) C ^(A(0, r)), and hence A(^'(0), di) C 
*(A(0,r)). For each w e A(^'(0),5i), we have > 5i onr(0,r), and we have 

for sufficiently large n, 

li^niz) -w)- {^(z) -w)\^ l^niz) - *(^)| < 5^, zE r(0,r). 

By the argument principle, for sufficiently large n, 



^ <i!n{z) -w) ^\'<i/{z)-w^ ^' 

This shows that for each w e A(^(0), there exists Zq e A(0, r) such that \E'n(-2o) — 
w. Hence (6) holds. 

Obviously, there exists ^2 such that ^(A(0, ^2)) C A(^(0), Si/2), and hence ^(A(0, ^2)) C 
A(\I'(0), Since ^n(-2) ^ ^(-2) in A(0,i?), we have that for sufficiently large n, 
I'^niz) - "ifiz)] < 61/2 in A(0,52) and hence 

\^n{z) - ^(0)1 < \^n{z) - ^{z)\ + \^{z) - *(0)| < 5i/2 + 6^/2 = 5i 

in A(0,52). Hence (c) holds. □ 

Lemma 3.8. Let {/„} be a sequence of meromorphic functions in A{zo,r), all of whose 
zeros are multiple, and let {ipn} be a sequence of meromorphic functions in A{zQ,r) 
such that ipn ^ ip in A(2;o,r), where ip is a non-vanishing holomorphic function in 
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A{zo,r). Let E be a (countable) discrete set in A{zo,r) which has no accumulation 
points in A{zo,r). Suppose that 

(a) U{z)^f{z) mA{z,,r)\E; 

(6) for some ai G E, no subsequence of {/n} is normal at ai; 

(c) for all n G N, f'^{z) ^ i)n{z) in A{zo,r). 

Then 

(d) There exists r > such that for sufficiently large n, fn has a single zero Zn,i of 
order 2 and a single pole Zn,2 of order 1 in A(ai, r), where Zn,i — )■ oi as n oo, 
1 = 1,2; 

Proof. Without loss of generality, we may suppose that ai = 0. Set ^(z) = /^lo^(C)t^C- 
There exists | > 5 > such that '^{z) is a univalent function in A(0,25). Since 
Tpniz) =^ ip{z) on A, without loss of generality, we may suppose that for all n E N, ipn 
is a holomorphic function in A(0, 26). 

Let ^'n(2;) = J^^Qi^n{C)dC, z G A(0,25). Obviously, we have that ^„(z) =^ "^{z) in 
A(0,2(5). By Lemma [3.71 we have for sufficiently large n, 

(a) is a holomorphic univalent function in A(0,5); 

(b) there exists Si > such that A(^(0),5i) C ^(A(0,5)) and A(^(0),(5i) C 
^n(A(0,(5)); 

(c) there exists ^2 > such that ^(A(0,(52)) C A(^(0),5i) and ^„(A(0,52)) C 
A(vl/(0),5i). 

For convenience, we suppose that for all n, (a), (6) and (c) hold. 

Now we consider ^^(-z) and ^^^(z) only in A(0,(5). Let Fn{w) = fn{'^n^{w)), w G 
A(^(0), Then = in A(0, 52)- 

We claim that no subsequence of is normal at ^^(O). Otherwise, suppose 

that {Fn{w)} is normal at ^'(O) (without loss of generality, we call also the subsequence 
{Fn{w)}). Since ^{z) in A(0,2(5), is normal at 0. i.e., {fn{z)} 

is normal at 0, a contradiction. 

Now we have 

KH = fL{K\w))J— = f:,{z)-\-^Mz)- ^ 



in A(\E'(0), Obviously, all the zeros of Fjyw) in A(\i/(0), are multiple. Clearly, 
is normal in A'('?/'(0), Then by Lemma I^T^ there exists < ^3 < (5i such 
that Fn{w) has only a single (multiple) zero in A(\E'(0),53) for sufficiently large n. 
Do as in Lemma 13.71 "we have that for sufficiently large n, there exists ^4 > such 
that *„(A(0,54)) C A(*(0),53). Therefore, /^(z) = F„(^'„(z)) has at most a single 
(multiple) zero in A(0,54). 

We claim that for sufficiently large n, /„ has a single zero Zn,i of order 2 in A(0, ^4), 
where Zn,i — )■ as n — )■ 00. It suffices to prove that each subsequence of {/„} has a 
subsequence {fm} such that, for sufficiently large m, has a single zero Zm,i of order 
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2 in A(0, S4), where Zm^i — as m — )■ 00. Suppose that we have a subsequence of {fn}, 
which (to avoid comphcation in notion) we again call {fn}- Since {fn} is not normal at 
0, it follows from Lemma 12751 that we can extract a subsequence {fm} of {fn}, points 
Zm ^ 0, and positive numbers Pm — > such that 



where g is a nonconstant meromorphic function of finite order on C, all of whose zeros 
are multiple. Now we have 



By Hurwitz's Theorem, either g'{C) 7^ on C, or g'{C) = V^(0) on C. In the latter 
case, g{() = ip{0)( + c, which contradicts the fact that all zeros of g are multiple. Thus 



a and b. It now follows from Hurwitz's Theorem that there exist sequence (m,i cl 
such that, for sufficiently large m, gm{(m,i) = 0. Obviously, Cm,i is a zero of order 2 of 
g^iO- Set Zm,i = Zm + pmCm,i, wc havc Zm,i and fm{zni,i) = 0. Obviously Zm,l 
is a zero of order 2 of fm{z) and since we have proved that there is at most one such 
zero in A(0,(54) (for sufficiently large m), it is the only one, as required. 

By Lemma 12. 8[ there exists rj > such that fn has a single simple pole Zn,2 in 
A{0, rj) for sufficiently large n. We claim that Zn,2 — )■ as — )■ 0. Otherwise, there 
exist < ^5 < ^4 and a subsequence of {/„} (that we continue to call {fn}) such that 
fn{z) oo, z E A{0,6q). By Lemma [2761 {/„} is normal at 0. A contradiction. Set 
r = min{54, rj}. Hence {d) holds. 

By Lemma [2.81 we have f{z) = J^^ ip{C)d(. Hence (e) holds. □ 

Lemma 3.9. (cf. Lemma 7]) Let {fn} be a family of meromorphic functions on 
the plane domain D, all of whose zeros are multiple, and let {ipn} be a sequence of 
meromorphic functions in D such that tp^ =^ in D, where ip{z) ^ 0, oo in D. If for 
each n G N, f'ni^i^n in D, then {/„} is quasinormal in D. 

Proof. It suffices to show that {fn} is quasinormal in a neighborhood of each point of 
D. Let p E D. There exists t > such that A{p,t) C D and ip is holomorphic and 
does not vanish in A'{p,t). 

For each q G A'{p,t), Let "^{z) = f^^y'ipiOdC in A'{p,t). Since ip{z) is holomorphic 

and does not vanish in A'{p,t) and ipn =^ 4' in D, there exists 0<R<t — \p — q\ 
such that for sufficiently large n, "^{z) is a holomorphic univalent function in A{q,R) 
and ipn{z) is a holomorphic function in A{q,R). Let \l/n(-z) = /JLg V^»i(C)'^C in A{q,R). 
Obviously, we have \l/„(z) =^ ^(-z) in A{q,R). 

Let < r < R. By Lemma [3.71 we have, for sufficiently large n, 

(a) \l/ri(-2) is a holomorphic univalent function in A(g,r); 

(6) there exists 5i such that A(^(g),5i) C ^(A(g, r)) and A(^(g), 5i) C ^„(A(g, r)); 
(c) there exists 52 such that ^(A(g, 62)) C A(^(g), Si) and ^„(A(g, 62)) C A(^(g), Si). 

For convenience in notation, we assume that for all n, (a), (b) and (c) hold. 




7^ fLi^m + PmO - ^m{Zm + PmQ 9' iO ' ^(0), (EC- {g-\oo)}. 



g'(Q ^ ^(0) on C. By Lemma [221 giC) 




for distinct complex numbers 
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Now we consider "^{z) and \I/n(^) only in A(g, r). Let Fn{w) = w G 

A(^(g),5i). Then fn{z) = F„(^„(^)) in A{q,62). 
Now we have 

KM = W)^ = /;(--)^ / ^•»(--)^ = 1 

in A(\&(g), Obviously all the zeros of Fn{w) are multiple in A(\E'(g), 6i). By Lemma 
I2.10[ {Fn{w)} is quasinormal in A(\E'(g), Since fn{z) = Fn{ipn{z)) in A(g,52) and 
ipn{z) =^ ipi^z) in A(g, _R), {/n(-2)} is quasinormal in A(g, ^2) and hence quasinormal in 
A'{p,t). 

Suppose now that {/n} is not quasinormal at p. Then there exists points zj G A'(p, 5) 
(j = 1,2,...) and a subsequence of {/„} (that we continue to call {fn}) such that Zj — )■ p 
as j — 7- 00 and no subsequence of {/„} is normal at any Zj, j = 1,2, ■■■ , see Thm. 
4.4]. Let = {zj : j = 1,2,---}. Taking a subsequence of {/„} (that we continue 
to call {fn}), we may assume that /„ =^ H in A'{p,6)\E. By Lemma f3.8[ we have 
H' = if) and H{zj) = 0. It follows that H is holomorphic in A'(p, t) and H' = ijj there. 
Moreover, since has no essential singularity at p, the same is true of H. But then 
H{zj) = for j = 1,2, . . . implies H = 0, which contradict H' = ^ 0. □ 

Lemma 3.10. Let {fn} be a family of meromorphic functions in A{zq, r) and k an 
integer. Let be a sequence of holomorphic functions in A{zo,r) such that bn ^ b 
in A{zo,r), where b{z) ^ is a holomorphic function in A{zQ,r). Suppose that 

fn{z) ^ 0, /;(z) ^{z- z,fbn{z), z E A(^o,r). 

Then {fn} is normal in A{zo,r). 

Proof. Without loss of generality, we assume that zo = and r = 1. By Lemma \2.7\ 
is normal in A'. Without loss of generality, /„ ^ / in A', and thus since 
/„ 7^ 0, then y- ^ J in A'. The possibilities of the limit function j are j = 00 or that 

J is a holomorphic function. In the last case, we get by the maximum principle that 
{j-}'^^i converges to some holomorphic function in A and we are done. Hence we can 
assume that j = 00, i.e., / = in A'. 
Obviously, we have 

f:^iz)-z'bniz)^-z'biz), in A'. 
Since fn{z) — z^bn{z) 7^ in A, we deduce that 

^"^'^ ^ f'n{z) - Z^bn{z) 

is holomorphic in A, so by the maximum principle 

(3.4) i7„(^)^_^_, ^eA. 

z'^o{z) 

Obviously, —^k^^ is an analytic function in A and hence /c is a negative integer. Let 
m = —k. By (13. 4p and Rouche's Theorem for holomorphic function, for sufficiently 
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large n, 

(3.5) n(lm~m)-n(l')^n(l-m^.rn. 



Since fni^) ^ ^f^, then //^(O) 7^ 00 and hence /n(0) 7^ 00. Obviously, is a pole of 
fniz) — of order m. By (13. 5p . for sufficiently large n, has no poles in A(0, |), 
i.e., /„ is holomorphic in A(0, We have proved that /„ ^ in A'{zQ,r), so, by the 
maximum principle, /„ =^ in A(0(|)) and {/n} is normal at 0. □ 

Lemma 3.11. Let T = {/„} be a family of holomorphic functions in A{zo,r), all of 
whose zeros are multiple. Let k > 2 be a positive integer and {bn} be a sequence of 
holomorphic functions in A{zo,r) such that bn ^ b in A{zo,r), where b{z) ^ is a 
holomorphic function in A{zo,r). Suppose that 

zeA{z„r). 

Then T is normal in A(2;o,r). 

Proof. Without loss of generality, we assume that zq = and r = 1. By Lemma 
\2.t)\ T is normal in A'. Suppose that T is not normal at 0. Let T\ = {Fn}, where 
Fn{z) = z^ fn{z). Obviously, all zeros of J^i are multiple in A. By Lemma [373| J^i is not 
normal at 0. By Lemma [2.5[ there exist points Zn 0, and positive numbers p„ — 
and a subsequence of {Fn\ (that we continue to call {Fn}) such that 

(3.6) QniO = = g{C>, C e C, 

Pn Pn 

where g{() is a nonconstant holomorphic function in C, all of whose zeros are multiple. 
We consider the following two cases. 
Case 1: Zn/pn — > 00. 

A; 

Observe first that since — -f—: ^ 1 in C, then f l3.6p is equivalent to —fn{zn + PnC) =^ 
g{() in C. Differentiating gives z^f^{zn + Pn() =^ d'iC) iii and by the same reasoning 
as above it is equivalent to {zn + PnCY fn{.Zn + PnC) ^ ^''(C) C. 

Now we have 

p fnjZn + PnC) , (^n + PnCf f'ni^n + PnC) . ^ ^'(C) . . ^ 
bnizn+PnO bn{Zn + PnC) ^(0) 

By Hurwitz's Theorem, either ^'(C) - &(0) = in C, or ^'(C) - &(0) ^ in C. If 
g'{C) ~ bifS) = 0, then g{() = b{0)( + c which is impossible since all the zeros of g{() 
must be multiple. If g'{C) ~ ^(0) 7^ 0, then, by Lemma 12. 4[ g{C^ = which 
contradicts that g{() is an entire function. 

Case 2: Zn/ Pn — )■ a in C 

We have 

FnjpnC) FnjZn + PniC - f:)) , ■ r 

GniO = = — g{C - a) m C. 

Pn Pn 
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V'n(C)^^ = ^(C), in C\{0}. 



Writing 

G{C)=9{C-o^) and ^^n{C) = Pn" UPnQ 

Pn 

we have 

G(C) 

Since for all n, ipniO is a holomorphic function, we have, by the maximum principle, 

^nlO^V-lC) in C, 
where ip{C) is an entire function. Hence we have 

^ Pn ( /n(PnC) " ^^^fc 1 = ^n(C) ^^^^ (0 " ^ ^ C \ {0}. 

By Hurwitz's Theorem, either il)'{C) = ^ in C \ {0} (and hence in C), or ip'{C) 7^ ^ 
in C \ {0} (and in fact in C, since 6(0)/^'^ = 00 at ^ = 0). Since ip is a holomorphic 
function, the first alternative obviously cannot hold. Thus il>'{C) It then follows 

from Theorem [El and Lemma [3. II that ^(C) = c. Since g is not a constant function and 
g{( — a) = C'^^(C)) we have c 7^ 0. Now we have 

(3.7) ^„(C) = p^-i/„(p„C) ^ c, in C. 



Now suppose that there exists 6 > such that for sufficiently large n, fn{z) 7^ for 
z G A(0,5). Then by Lemma [3.101 {/n} is normal at 0. A contradiction. 

Otherwise, taking a subsequence and renumbering if necessary, we may assume that 
there exist — )■ such that fn{z^) = 0. We may assume that is the zero of 
of smallest modulus. By (13.71) . we have, for sufficiently large n, /„(0) 7^ and hence 

7^ 0. By Hurwitz's Theorem and (13. 7p . we have — — )■ 00. 

Let ^^(C) = {z^nf-^MzX)- Then we have 

Since Gn(C) 7^ in A, it follows from Lemma 13.101 that {Gn} is normal in A. By 
Lemma [131 {Gn} is quasinormal in C. Thus, there exists a subsequence of {Gn} (that 
we continue to call {Gn}) and E G C such that 

(61) E have no accumulation point in C; 

(62) GniO ^ G{C) in C\E; 

(63) for each (q G E, no subsequence of {Gn} is normal at Co- 
Obviously, we have fl A = and all zeros of G{C) are multiple. 

Since (j„(0) = (^j ^n(O) —t- 00 and {G'„(C)} is a family of holomorphic functions, 

we have G{() = 00 in C\E. Suppose that 1 ^ E. Since Gn(l) = 0, we have G{1) = 
which contradicts that G{() = 00 on C\E. Thus we have 1 G -E. By Lemma 13.81 
G{C) = J} on C\E, which also contradicts that G{C) = cx) in C\E. □ 
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4. Proof of Theorem 

Proof. We assume that f' = h has at most finitely many zeros and derive a contradic- 
tion. 

We claim that there exist t„ — )■ oo and e„ — )■ such that 

(4.1) 5(A(t„, £„),/) = - // [f*{z)fdxdy ^ oo. 

Otherwise there would exist e > and M > such that for all zq G C, we have 
S{A{zo,e),f) = - [[ [f*{z)]'dxdy < M. 

^ J J\z-zo\<e 

Then S{r, f) = i Jj\^^^^,[f*{z)]'dxdy = 0{t^). Thus 

On the other hand, by Lemma [2.21 To(r, h) = Ar'^{l + (1)) as r — )■ oo where A > is 
a constant. Hence it is impossible that To(r, h) = o{To(r, /)} and (14. ip follows. 

Let uji,uj2 be the two fundamental periods of h{z) and P(0 G P) be a fundamental 
parallelogram of h{z). There exist integers in and j„ such that z„ G P, where Zn = 
tn — in^i — jn<^2- There exists a subsequence of {z„} (that we continue to call {zn}) 
such that z„ — zo as n — )■ oo. Let /„(z) = f{z + in<^i + jn<^2)- By (14.11) we have 

(4.2) S{A{zn,en)Jn) = ^( A(t„, £„) , /) oo, 

and hence, there exists 2;* (2;* — )■ ^o) such that fni^n) — ^ 00 as n — )■ 00. Without loss 
of generality, we can assume that Zq = 0. Hence we have that no subsequence of {/„} 
is normal at and by (I4.2|l . 

(4.3) 5(A(z„,5„),/„) ^ 00, 

where Zn ^ and e„ — as n — )• 00. 

There exists P > such that P C A(0, R) and A{zn, £n) C A(0, R) for each n. Set 
D = A(0,P). Obviously, we have zq G D. By assumption, for sufficiently large n. 

Without loss of generality, we can assume that for all n E N, fn{z) ^ h{z) in D. 
Now, {/n} is a family of functions meromorphic in D such that 

(a*) all zeros of {/„} are multiple in D\ 

{b*) for each n, f^iz) 7^ h{z) in D, where h is a nonconstant elliptic function; 
(c*) no subsequence of {/„} is normal at 0. 

It follows from Lemma [3.91 that {/„} is quasinormal in D. Hence there exists r > 
such that {/„} is normal in A'(0, r) and h{z) 7^ on A'(0, r). 

Without loss of generality, we may assume that r = 1. Then there exists a subse- 
quence of {/„} (that we continue to call {/«}) such that 

(a) all zeros of {/n} are multiple in A; 

(b) for each n, /^(^) 7^ h{z) in A, where /i 7^ in A'; 
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(c) no subsequence of {/„} is normal at 0. 

(d) U{z)^Uz) on A'(0,1) 

Case 1: /i(0) ^ 0, oo. 

By Lemma l3^ /o(^) = /(-=o ^(C)c^C ^^id for sufficiently large n, there exists 1 > 5 > 
such that fn has a single zero of order 2 in A(0, 5). By Lemma ESI there exists M > 
such that S{^,fn) < M which contracts (14.31) . 

Case 2: h{0) = 0. 

Suppose that is a zero of order k of h{z), where is a positive integer. Let us 
assume, making standard normalizations, that for z G A 

h{z) = z'' + ak+iz''+^ + ■■■ = z^h{z) 

where h{z) 7^ 0, oo in A(0, 1) and /i(0) = 1. 

We claim that for each 5 > 0, there exists at least one zero of /„ in A(0,5) for 
sufficiently large n. Otherwise, there exists a subsequence of {/„} (that we continue 
to call {fn}) such that fn{z) 7^ in A(0,5). By Lemma [275| {/„} is normal at 0. A 
contradiction. 

Hence, taking a subsequence and renumbering if necessary, we may assume that 
On — )• is the zero of fn of smallest modulus. Since /^(-z) 7^ h{z) and all the zeros of 
{fn} are multiple, we have /„(0) 7^ and hence a„ 7^ 0. Let F„ = ■^"^^"P ■ We have 
that 

(al) FniO 7^ in A; 

(a2) all zeros of Fn{C) are multiple; 

(a3) F^(C) ^ eHanO and F„(l) = 0. 

By Lemma (3.101 {-Fn(C)} is normal in A. By Lemma f3.9( {Fn{C)} is quasinormal on 
C. Thus, there exists a subsequence of {-Fn(C)} (that we continue to call {-Fn(C)}) ci-nd 
El C C such that 

(61) El have no accumulation point in C; 

(62) F„(C) ^ F(C) on C\Ei; 

(63) for each ^0 ^ Ei, no subsequence of {-Fn(C)} is normal at ^o- 

Obviously, i?i fl A = and all zeros of F{() are multiple in C\Ei. 
Case 2.1: 1 ^ 

Since all zeros of {Fn{C)} are multiple and Fn{l) = 0, we have that F{1) = F'{1) = 
(recall that h{0) = 1) and hence F{() is a meromorpic function in C\Ei. 

We claim that Ei = 0. Otherwise, let Co ^ -^i? Obviously, Co 7^ 0. By Lemma 
ESI F'{C) = C''- Recall that h{0) = 1 and hence F'(l) = 1 which contradicts that 
F'(l) = 0. 

By Lemma 1321 either F'(C) = C'' in C, or F'(C) 7^ C'' in C. If F'(C) = C'" in C, then 
F'(l) = 1 which contradicts that F'(l) = 0. If F'{() 7^ C'' on C. By Theorem [H F 
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must be rational and then by Lemma 13.21 



m+fc+l 

n (c-«.) 

(A: + l)(C-/3)" 



5 



where m is a nonnegative integer, /3 G C, 7^ 0, /3, 1 < z < m + + 1. 
Hence, we have 

m+fe+l 

n (C-a.) 

By Hurwitz's Theorem, there exist sequences Cn,j (^i and r/^j- — /3 as n — 

00 (counting muhiphcities of zeros and poles, respectively), such that for sufficiently 
large n, Fn{Cn,i) = and Fn{rjnj) = 00, where i = 1,2, ■ ■ ■ ,m + k + 1 and j = 
1,2, ■■ ■ ,m. Writing Zn,i = CLnCn,i- Thus, fn{zn,i) = and z^^i — as — )■ 00, where 

1 = 1, 2, ■ ■ ■ , m + + 1. Set S„ = {Zn,l, Zn,2, ■ ■ ■ , Zn,m+k+l}- 

We claim that for each 6 > 0, there exists at least m + k + 2 zeros of /„ in A(0, 6) for 
sufficiently large n. Otherwise, there exists a subsequence of {/„} (that we continue 
to call {fn}) such that fniz) have m + k + 1 zeros in A{0,S). If /o(^) = 00, then by 
Lemma [3.61 there exists M > such that for n sufficiently large, 5'(|, /„) < M which 



k + l 



contradicts fl4.3l) . If foiz) ^ 00, then by Lemma IX^ /o(^) = in A', where c 

is a constant. By Lemma 13. 6[ there exists M > such that for n sufficiently large, 
'5(1, /n) < M which also contradicts (14. 3p . 

Hence, taking a subsequence and renumbering if necessary, we may assume that 
6„ — )■ is the zero of /„ of smallest modulus in A\Bn. Set r„ = Then we have 
-^ri(^) = 0. Since 6„ ^ 5^^, Obviously ^ 7^ Cn,i, where i = 1, 2, ■ ■ ■ , m + /c + 1. By 
Hurwitz's Theorem and fl4.4D. we have - — > 00 and hence r„ — )■ as n — ?• 00. 



Let (^^(C) = ^^rP-- We have that for sufficiently large n, 

(cil) GniC) have only m + fc + 1 zeros r„C„ j in A. Obviously, |r„^„ j| — )■ 0, as n — )■ 00, 

where i = 1, 2, ■ ■ ■ , m + /c + 1; 
((i2) all zeros of Gn{C) are multiple; 
(d3) G;(C) 7^ C'/i(&nC) and G„(l) = 0. 

By Lemma [3.10[ {Gn{()} is normal in A'. By Lemma [3.9[ {Gn{C)} is quasinormal on 
C. Thus, there exists a subsequence of {Gn{()} (that we continue to call {Gn{()}) and 
E2 C C such that 

(el) E2 have no accumulation point in C; 
(e2) G„(C) ^ G(C) on C\E2; 

(e3) for each (q G E2, no subsequence of {^^(C)} is normal at Co- 
Obviously, i?2 H A' = and all zeros of G{() are multiple in C\E2. 
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Let 



n (C - rnVn,, 



n iC-rn(n 
i=l 
m 

n (C - Vn,) 



m+k+l 

n (c-Cn.) 

i=l 



By g3D, 



Hence 



G':(r„c) = i^:(c)^^, cec 



(4.5) G*M ^ ^ 



k + l 

We claim that G[Q is a meromorphic function on C\E2. Suppose that G{() = oo. 
Obviously, G^{() have no zeros in A. Applying the maximum principle to the sequence 
qt^^ of analytic functions, we see that G'^i^O = oo in A which contradict G5^(0) =^ 

We claim that G{C) = ^ on C\E2. Indeed, since G{() is a meromorphic function 



no zeros in A, we have 



in C\i?2, then by Lemma [231 G{() = ^-j:^, where c is a constant. Since G*(C) have 



Hence, G!(0) ^ ^ J+i ■ By (143]), we get that c = 0. 

Suppose that 1 ^ E2. Since G'„(l) = 0, we have G(l) = which contradicts that 

G{C) = Thus, 1 G E2. By LemmaESl G(C) = if ^''d^ = ^tTT^ ^^i^h contradicts 

that G(C) = 
Case 2.2: 1 G 
By Lemma [ 



(4.6) F(C) = r ^'d^ = C e C\E^. 



k + 1 



Let be the jth root of the equation — 1 = 0, j = 1, 2, ■ ■ ■ A; + 1. 
Claim. El = {d, 62, ■ ■ ■ , Cfc+i}. 

Proof. Suppose that Co ^ Ei, where Co^^ — 1 = 0. Obviously, Co is a zero of F{Q but 
not a multiple zero of F{() which contradicts that all of zeros of F{() are multiple. 
Suppose that Co e Ei, where Co^^ -1^0. By Lemma ESI F(C) = jf. = 



'C=Co 

^"^fc+i"^' , C e By dMl), Co^^ = 1. a contradiction. □ 
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By Lemma [3.8[ there exists 6j > such that for sufficiently large n, -Fn(C) have a 
single zero (n,j — ^ of order 2 and a single pole rjnj -> Cj of order 1 in A(ej, 6j). 

Set Zn,j = ttnCnj- Thus, fn{znj) = and Znj — )■ as n — )■ oo, where j = 1,2, - ■ ■ ,k + 
1. Set Bn = {zn,i, Zn,2, ' ' ' , ^n,fc+i}- Do as in Case 2.1, we may assume that 6„ — )■ is 
the zero of /„ of smallest modulus in A\i?„. Set r„ = f^. Obviously, -Fn(;^) = 0. Since 
bn ^ Bn, 7^ Cn,j, wherc j = 1, 2, ■ ■ ■ , + 1. Since -Fn(C) have a single zero Cn,j — ^ 

of order 2 in A(ej,5j), by Hurwitz's Theorem and (14 .Op we have j )■ oo and hence 

r„ — )■ as n — )■ oo. 

Let G„(C) = We have that for sufficiently large n, 

(/I) Gn{C) have only + 1 zeros r„^„_j of order 2 and at least k + 1 poles r„?7„_j of 

order 1 in A. Obviously, — )■ and |r„?7„_j| — )■ as n — )■ oo; 
(/2) all zeros of G„(C) are multiple; 
(/3) G'^iO ^ eh{b^O and G„(l) = 0. 



By Lemma [2n {Gn} is normal in A'. By Lemma [3l9| {Gn} is quasinormal in C. Thus, 
there exist a subsequence of {Gn(C)} (that we continue to call {Gn{C)}) and E3 C C 
such that 

{gl) have no accumulation point in C; 



ig2) GniC) ^ G{C) on C\E; 



3) 



{g3) for each ^0 ^ -E-s, no subsequence of {Gn{C)} is normal at Co- 
Obviously, E'a fl A' = and all zeros of G{() are multiple in C\i?3; 



Let 



n (C - rnVn,j) 

g:(c) = g„(c)-'=' 



n (c - rnCn,y 

n (c - r^nj 

f:{o = F„(c) 



fc+i 

n (c - Cn,^' 



Hence 

(4.7) a:(o) ^ 



k + 1 



We claim that G'(C) is a meromorphic function on C\i?3. Suppose that G(C) = 00. 
Obviously, G^{() have no zeros in A. Applying the maximum principle to the sequence 
qt^^ of analytic functions, we see that G* (C) = 00 in A which contradict G* (0) =^ 
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We claim that G{C) = fel *^\^3- Since G{() is a meromorphic function in C\i?3 



by Lemma [331 = j^:^, where c is a constant. Since GJi(C) have no zeros in A, 
we have 

If c 7^ then we get G^{0) — )■ oo, and this contradicts (14.70 . 

We claim that 1 G E^. Indeed, suppose that 1 ^ E^,. Since G'„,(l) = 0, we have 
G{1) = which contradicts that G{Q = Thus, 1 G E-^. By Lemma [3.8[ G{C) = 



k+l 

j'l C^d^ = '"^l]^'^^ which contradicts that G{C,) = 
Case 3: h{0) = oo. 

Suppose that is a pole of order k of h{z). Let us assume, making standard nor- 
malizations, that for 2 G A 

, , ^ 1 , Ofc-i , h{z) 



where 7^ 0, oo in A and /i(0) = L 
Case 3.1: k = I. 

By Lemma [231 (with a = 0), there exists points z„ — )■ 0, positive numbers p„ — )■ 
and a subsequence of {/„}(that we continue to call {/«}) such that 

(4.8) g^{Q = f^{zn + Pn0^9{0. (eC, 

where g{() is a nonconstant meromorphic function in C, all of whose zeros are multiple. 
Again we consider two cases. 
Case 1: z„/p„ — )■ 00. 
Consider 

(4.9) ifniC) = UZn + ZnO = /„(z„(l + C))- 



Since g is nonconstant, there exist Ci, C2 G C such that g{C,i) 7^ g{C2)- We have for 
J = 1,2, 

5'(Ci) = fn{Zn + PnCj) = hm /n(2;n + 2;n( — Cj)) = 1™ V?n( — Cj)- 

Since (7^)Cj ~^ as n — )■ oo, the family {(pn} is not equicontinuous at and hence no 
subsequence of {(pn} is normal at 0. By (14.91) . 

(4.10) y^uc) = .„/;(.„(i + 0) ^ Mf^li±^. 

Since all zeros of are multiple and by (I4.10p . the family {v?n} is quasinormal in C 
by Lemma [3.91 Hence there exist a set E and a subsequence of {^Pn} (that we continue 
to denote by {^Pn}) such that 

{hi) E has no accumulation in C; 

{h2) ifiniO =^ V^(C) ill C\E and all the zeros of ipniO are multiple; 
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{h3) for each Co G -E, no subsequence of {(fn} is normal at Co- 

p^d^. Hence, 



Obviously, G E. by Lemma I3.8[ (p{() = j^d^- Hence, j^d^ is a multi- 



valued function in C\E. A contradiction. 

Case 2: ^ ^aeC. 

P" ^ ^ 

Since ^'(C) ^ ^"^(""+^;^) and ^ i in C, then by Lemma Ell either 

g'{C) = in C, or g'{() ^ in C. However, since all poles of g' are multiple, the 
first alternative obviously cannot hold. Thus g\C) By Theorem |E] we deduce 

that g is rational. By the fundamental theorem of algebra, g cannot be a polynomial, 
hence 

a + C P(C) 

where is a polynomial. It is easy to see that if degp < 1, then the right hand side 
above cannot be a derivative of a nonconstant meromorphic function in C. But then 

g\Q = l + 0(-^\, C^OO, 



so that 

I g\C)dC = l + o{R), R^oo 
Jr(o,i?) 

for R sufficiently large, where r(0, i?) is the positive oriented circle of radius R about 
the origin. On the other hand, the above integral must vanish, as it is the integral of 
a derivative over a closed curve. A contradiction. 
Case 3.2: k>2. 

We claim that for each 5 > 0, there exists at least one pole of /„ in A(0, 5) for 
sufficiently large n. Otherwise, there exists a subsequence of {/„} (that we continue 
to call {fn}) such that {fn{,z)} is a sequence of functions holomorphic in A(0,(5). By 
Lemma [3.111 {fn} is normal at 0. A contradiction. 

Hence, taking a subsequence and renumbering if necessary, we may assume that 
a„ — )• is the pole of fn{,z) of smallest modulus. Since /^(^) 7^ h{z) and /i(0) = 00, we 
have /(O) 7^ 00 and hence a„ 7^ 0. Let -F„(C) = (^t"^ fnidnC) y "we have 

(il) Fn{C) is holomorphic function in A; 
(z2) all zeros of Fn{C) are multiple; 

(z3) F'^iC) 7^ ^ and F„(l) = 00. 

By Lemma [3.1H {-Fn(C)} is normal at A. By Lemma [3.9^ {-^^(C)} is quasinormal in 
C. Thus, there exists a subsequence of {F„(C)} (that we continue to call {Fn{C)}) and 
-E4 C C such that 

(jl) E have no accumulation point in C; 
(j2) F^iO ^ F(C) in C\E,; 

(j3) for each (q G E4, no subsequence of {F„(C)} is normal at Co- 
Obviously, i?4 fl A = and all zeros of F{() are multiple in C\E4. 
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Claim. For n sufficiently large, F„(0) 7^ (and hence fn{0) j^O). 

Proof. Otherwise, tliere exists a subsequence of {i^n(C)} (that we continue to call 
{Fn{()}) such that F„(0) = 0. Thus F{0) = and hence F{Q is a meromorphic func- 
tion in C\i?4. Suppose that E4 is the empty set. Since -F^(C) 7^ ^^^f^ and ^^^^^^ =^ 
in C, by Lemma [Owe have either F'(C) = ^ in C, or F'(C) ^ ^ in C. If F'(C)-^ = 
in C, then we have F{0) = 00 which contradicts that -F(O) = 0. If -F'(C) 7^ ^ in 
then, by Theorem |E] and Lemma [STTl we have F{() = c, where c G C is a constant. On 
the other hand, since Fn{l) = 00, we have F{1) = 00, a contradiction. 

Thus, we can assume that E4 is not the empty set. Suppose that Co ^ E^. Obvi- 
ously, Co 7^ 0. By Lemma 13. 8[ we have -F(C) = /^^ -^d^ which implies F{0) = 00, a 
contradiction to the fact that F„(0) = 0. □ 

Without loss of generality, we assume that for each n E N, /n(0) 7^ 0. 

We claim that for each 6 > 0, there exists at least one zero of /„ in A(0, 6) for 
sufficiently large n. Otherwise, there exists a subsequence of {/„} (that we continue to 
call {fn}) such that fn{z) 7^ in A(0,(5). Since fn{z) 7^ h{z), we have fn and h have 
no common poles for each n and fn{z) — h{z) 7^ 0. By Lemma [2.3[ {/«} is normal at 
0. A contradiction. 

Hence, taking a subsequence and renumbering if necessary, we may assume that 6„ 
be the zero of {/«} of smallest modulus. Obviously we have 6„ — )■ as n — )■ cxd. Since 
/„(0) ^ 0, we have 6„ ^ 0. Let Gn(C) = &n"Vn(&nC), we have 

(fcl) ^^(C) 7^ in A; 

{k2) all zeros of G'n(C) are multiple; 

(A;3) G;(C) ^ and G„,(l) = 0. 

By Lemma [3.101 {Gn(C)} is normal at A. By Lemma [3.9[ {Gn{C)} is quasinormal in 
C. Thus, there exists a subsequence of {Gn(C)} (that we continue to call {Gn{()}) and 
E^ G C such that 

(Zl) E^ have no accumulation point in C; 
(/2) G„(C) ^ G(C) on C\E5; 

(/3) for each (q E E^, no subsequence of {Gn{C)} is normal at Co- 

Obviously, E's fl A = and all zeros of G{() are multiple in C\E^. 
Case 3.2.1: Er, is the empty set. 

Since (?„(!) = 0, then G{1) = and hence 1 is a multiple zero of G(C) and G(C) is 
a meromorphic function. Since G'^{Q 7^ ^^^fc^-* and ^^^^^^ =^ ^ in C, then by Lemma 
[331 we have either G"(C) = ^ in C, or G"(C) 7^ ^ in C. 

If G'(C) = ^ in C, then we have G{() = jZki-^E^ + c). Obviously, 1 is not a multiple 
zero of G{(), a contradiction. 

If G'{() 7^ ^ in C, then by Theorem [E[ and Lemma [3.1[ we have G{() = c. Since 
G{1) = 0, we have G(C) = 0. i.e., 

(4.11) GniO =bt'f nibnO^O, in C. 
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Since Gn{f^) = ^^"Vnl'^n) = OO) by Hurwitz's Theorem and (14.111) . we have |^ — t- oo. 
Writing = — . Hence r„ — )■ as n — t- oo. 

fin 

Since -F„(r„) = a^~^/n(&n) = 0, we have F{0) = and hence F{z) is a meromorphic 
function in C\ E^. Since F^{() ^ ^'■"fc^-' and ^^^^^ ^ in C, we have by Lemma 
Eleither F'(C) = ^mC\E^, or F'(C) 7^ ^ in C \ E4. 

Now, we consider the following two cases. 

Case 1: E4 is the empty set. 

If -F'(C) ~ ^ = in C, then we have -F(O) = 00 which contradicts that F{0) = 0. 
If -F'(C) 7^ ^ in C, then by Theorem [E] and Lemma 13.11 we have F{Q = c which 
contradicts that F{1) = 00. 

Case 2: E4 is not the empty set. 

Let Co G E. Obviously, (0 7^ 0. By Lemma 13. 8[ we have F{() = J^^^ -^d^ = 
]-Zfc(^T^ — ^^fc_i ) . Obviously, we have F{0) = 00 which contradicts F{0) = 0. 
Case 3.2.2: E^ is not the empty set. 
Let (0 & E^. Obviously, Co 7^ 0. By Lemma IXSl we have 

Let Ci (i = 1, 2, . . . , - 1) be the A; - 1 roots of the equation C^~^ - Co = 0- 
Do as in Case 2.2, we have E^ = {Ci, C25 • • • , Cfc-i}- 

We claim that 1 G -Es and hence G(C) = ~ l)- Indeed, if 1 ^ E5, i.e., 

1 - Co^^-^ ^ 0, then G{1) = .^"'"^-i 7^ 0. On the other hand, since G„(l) = 0, we have 

(1 — fcjfg 

G{1) = 0, a contradiction. 
Now we have 

(4-12) ^ (F-TIjc^' 

By Hurwitz's Theorem, there exist 7„^j, i = 1,2, . . . , k — 1 such that 7„^j — )■ and 
Gn{ln,i) = 00. Since / and h have no common poles, then Gn{0) 7^ 00, and we have 
that T„,i 7^0 (i = 1,2,--- ,/c-l). 

Let Sn be one of {7„,i, 7^,2, ■ ■ ■ , 7n,fc-i} of largest modulus. Set Un{0 = s^^'^GnisnO- 
Obviously, for n sufficiently large, Un{0 have only k — 1 poles rin,i = -7^ on A. By 
(I4.12p . we have for each R> 0, 

f/„(O^0 ^eA{0,R) 

for n sufficiently large. By (^3) U!^{^) 7^ M^^liU^ ^^d then we get by Lemma IB. 101 that 

UniO is normal in C. Without loss of generality, we assume that UniO ^ U{0 in C 
and rin,i — >■ rji- Since Un{l) = 00, we have U{1) = 00. 

We claim that U{^) = 00 in C. Otherwise, by Lemma [3.4[ either f/'(C) = |r in C, 
or U'iO 7^ ^ in C. If U'i^ = in C, then we have U{0 = jhij^ + c) which 
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contradicts that U{1) = oo. If U'{^) 7^ ^ on C, then, by Theorem [El and Lemma [3.1[ 
we have f/(0 = c which contradicts U{1) = 00. 
Now, we have 

f/„(0^oo, ^gC. 

k-l 

Let U*{^) = Un{C) ■ n ~ Vn,i)- By the maximum principle apphed to /U*, we get 

i=l 

that 

f/:(o^oo, eec. 

Let G:(C) = ^^(C) ■ ri\c - ln,i) = G^{0 ■ - s^r^^,). By dHl, for sufficiently 

i=l i=l 

large n, G* (C) have no pole in A(0, |) and hence, by the maximum principle, 

GliO^^^j^, CeA(o,l). 

So we have G* (0) — )■ as — > 00. On the other hand, 

fe-i fc-i 

GniSnO = Gni-SnO ' Yli^n^ - ln,i) = G'n(s„0 " Yli^n^ - SnVn,i) 
i=l i=l 
k-l 

(4.13) =st'Gn{Sn0-ll^^-Vn,)=U:{0^OO, ^ G C. 

i=l 

fl4.13p implies that G* (0) —t- 00 as —t- 00 which contradicts G* (0) — )■ as — )■ 00. The 
proof of the Theorem is complete. □ 
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